The Meshless Methods in the Bone Tissue Remodelling Analysis  by Belinha, J. et al.
 Procedia Engineering  110 ( 2015 )  51 – 58 
Available online at www.sciencedirect.com
1877-7058 © 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of IDMEC-IST
doi: 10.1016/j.proeng.2015.07.009 
ScienceDirect
4th International Conference on Tissue Engineering, ICTE2015 
The meshless methods in the bone tissue remodelling analysis 
J. Belinhaa,b, L.M.J.S. Dinisb, R.M. Natal Jorgeb 
a Institute of Mechanical Engineering and Industrial Management, Rua Dr.Roberto Frias, S/N, 4200-465 Porto - Portugal 
b Faculty of Engineering of the University of Porto, Rua Dr.Roberto Frias, S/N, 4200-465 Porto - Portugal 
Abstract 
This work shows the advantages of using meshless methods to study the bone tissue remodelling phenomenon. The meshless 
method used in this work is the Natural Neighbour Radial Point Interpolation Method, a truly and organic meshless method. The 
inclusion of the NNRPIM in the process is an asset, since, when compared with other numerical approaches, it permits to produce 
smoother and more accurate variable fields, such as the displacement field and the stress/strain fields. 
Regarding the remodelling algorithm, in this work, it is considered a phenomenological bone tissue mathematical law capable to 
correlate the bone tissue mechanical properties (Young’s modulus and ultimate compression stress) with the bone tissue apparent 
density. This anisotropic phenomenological law was constructed using experimental data found in the literature. Additionally, the 
remodelling algorithm used in this study seeks the minimization of the strain energy density. Thus, using an anisotropic material 
law for the mechanical behaviour of the bone tissue, the assumed biomechanical model is able to iteratively correct the local bone 
tissue apparent density for each integration point, using the obtained level of stress from the numerical analysis. 
 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of IDMEC-IST. 
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1. Introduction 
The bone tissue progressively modifies its morphology in order to adapt to any new external mechanical stimulus. 
Wolff was the first to report, back in 1892, this phenomenon, which is known nowadays as bone remodeling [1]. Since 
then, several theoretical and numerical models have been proposed.  In the literature, diverse kinds of mechanical 
stimuli have been defined, such as the strain level, the stress level or the strain energy level. 
Pauwels [2] presented one of the first model to describe mathematically the ‘Wolff law’. Pauwels’ model assumed 
the existence of an optimal mechanical stimulus balancing the bone tissue resorption and deposition [3]. Later, Carter 
and co-workers [4] [5] [6] presented the ‘self-optimization’ concept, proposing a mathematical law for the functional 
adaptation of the bone trabecular structure. The numeric model proposed by Carter and co-workers permits to consider 
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(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of IDMEC-IST
52   J. Belinha et al. /  Procedia Engineering  110 ( 2015 )  51 – 58 
several mechanical cases and assumes that the mechanical stimulus is proportional to the effective stress field. Cowin 
and co-workers [7] presented an innovate trabecular bone material model depending on the fabric tensor, which is a 
symmetric second order tensor that permits to correlate the material elasticity tensor and the trabecular microstructural 
arrangement [8] [9]. The proposed model assumes that the trabecular arrangement seeks to adapt until an equilibrium 
strain state is achieved [7]. However, the model proposed by Cowin and co-workers require several bone remodelling 
parameters, which most of the times corresponds to a disadvantage in computational mechanics. Thus, Cowin’s model 
was simplified by Huiskes and co-workers [10]. The ‘adaptive elasticity’ model proposed by Huiskes [10] considers 
the Strain Energy Density (SED) as the mechanical stimulus for the bone tissue remodeling and allows to predict a 
numerical trabecular arrangement very close with real radiographs. In the paper presented by Pettermann and co-
workers [3] an extensive survey is presented concerning bone tissue remodelling algorithms using the SED 
optimization criterion. Additionally, Pettermann and co-workers [3] propose a methodology that considers the bone 
spatial distribution adaptation combined with the reorientation of the material axis and the stiffness parameters. Other 
sophisticated and efficient numeric approaches are available in the literature. For instance, the continuum damage-
repair algorithm [11], the accumulated damage model [12], the cell biology based remodelling algorithm [13].  
The bone tissue is clearly an anisotropic heterogeneous material. Nonetheless, early bone models were assumed 
isotropic. In addition to the numeric problems encountered when anisotropic material behaviour is considered [14] 
[15], the first research works had to deal with the lack of a comprehensive data bank incorporating the mechanical 
properties of the bone tissue with respect to the material direction. Based in experimental studies, several researchers 
proposed and presented numerous anisotropic bone material laws [16]. Many of these phenomenological laws correlate 
the bone tissue apparent density with several bone tissue mechanical properties, such as the Young modulus, the 
Poisson’s coefficient, the ultimate compressive stress, the ultimate tensile stress, etc. Additionally, some of these 
studies present the mentioned material properties for the axial and transversal direction, which permits to simulate the 
phenomenon using a fully anisotropic model. 
This work uses the phenomenological law proposed by Belinha [17], which is based on the experimental study of 
Zioupos and co-workers [18]. The mathematical curves proposed by Belinha permit to correlate directly the bone 
tissue apparent density with the Young modulus and the ultimate compressive and tensile stresses, in both axial and 
transversal direction. These curves do not differentiate the microstructure arrangement of the bone tissue (trabecular 
or cortical bone tissue). This idea is corroborated by the analysis of high-resolution three-dimensional images, from 
which some authors were able to estimate the homogenized anisotropic mechanical properties [19].  
Since the middle 90’s, advanced discretization meshless techniques have been a focus of interest in the 
computational mechanics community [20]. Commonly known has ‘meshless methods’, advanced discretization 
meshless techniques allow to discretize the problem physical domain using only an unstructured nodal distribution 
[20]. In this work it is used the Natural Neighbour Radial Point Interpolation Method (NNRPIM). In the NNRPIM 
formulation, the nodal connectivity is imposed using the ‘influence-cell’ concept, which replaces the classic 
‘influence-domain’ concept. The ‘influence-cells’ are obtained using geometrical and mathematical constructions, 
such as the Voronoï diagrams [21] and the Delaunay tessellation [22]. The Voronoï diagram, discretizing the problem 
domain, is built by numerous Voronoï cells, each one unequivocally associated with each node discretizing the 
problem domain. The neighbouring cells of each interest point, permit to define the ‘influence-cell’ of that interest 
point [17]. The background integration mesh is constructed using the Voronoï cells and the correspondent Delaunay 
triangles. This procedure permits to construct an integration mesh completely node-dependent. Therefore, the 
NNRPIM can be considered a truly meshless method. In the finite element method (FEM), geometrical restrictions on 
elements are imposed for the convergence of the method. In opposition, the NNRPIM formulation do not have such 
restrictions, which permits a total random node distribution for the discretized problem. 
The NNRPIM shape functions, used in the Galerkin weak form, are constructed using the radial point interpolation 
(RPIM) technique [23] [24]. However, there some differences with the classic RPI method (RPIM) [23]. For instance, 
the NNRPIM uses a polynomial constant basis ( ( ) 1
I
 p x ) and a multi-quadrics radial basis function with the following 
shape parameters: 0.0001c   and 0.0001p  . These differences are sufficient to modify the method performance. 
Although the NNRPIM is a recent developed meshless method [25] it has been extended to many fields of the 
computational mechanics, such as the static analysis of isotropic and orthotropic plates [26] and the functionally 
graded material plate analysis [27], the 3D shell-like approach [28] for laminated plates and shells [29]. Free vibration 
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and transient dynamic studies on several solid-mechanic problems can be found in the literature [30] [31] [32] [33]. 
The NNRPIM was also tested in more demanding applications such as the material nonlinearity [34] and the large 
deformation analysis [35]. More recently, the NNRPIM evolved and the natural radial element method (NREM) was 
created [36] [37] [38]. The NREM is an efficient and accurate truly meshless method, which presents a low order 
nodal connectivity. 
When compared with the FEM, meshless methods possess several advantages such as the re-meshing efficiency, 
which permits to deal with the large distortions of soft materials (muscles, internal organs, skin, etc.) or to explicitly 
simulate the fluid flow (the hemodynamics, the swallow, the respiration, etc.). The accuracy and smoothness of the 
stress fields obtained with meshless methods are also very useful to predict the remodelling process of biological 
tissues and the rupture or damage of such biomaterials. Recent works [39] [40] [41] show that combined with scanning 
techniques, such as CT scans and MRI, meshless methods are more efficient when compared with the FEM. 
Regarding the study of biomechanical problems considering large strains, the natural element method (NEM) was 
used to study the human lateral collateral ligament and the human knee joint, showing clear advantages over the FEM 
[42]. More recently, the element free Galerkin method (EFGM) was extended to the nonlinear explicit dynamic 
analysis to simulate the brain tissue response [43]. The results confirmed the accuracy of the EFGM to deal with highly 
demanding nonlinear hyperelastic biomaterials. 
The smoothed-particle method (SPH) is frequently used to simulate hemodynamics. Researchers were able to 
simulate the motion of a deformable red blood cell in flowing blood plasma [44] and to study numerically the effect 
of red blood cells on the primary thrombus formation [45]. 
Meshless methods gradually begin to enter the bone remodelling application field [46].  Liew et al. [47] presented 
one of the first works dealing with bone structures and using meshless methods. A simple stress analysis of a femoral 
bone model was performed and some meshless methods limitations are identified. All the meshless limitations 
indicated [47] do not represent a difficulty for the NNRPIM, which can easily deal with the non-convex boundaries 
and the material discontinuities in the bone structure. Other authors applied the meshless methods to the bone tissue 
analysis [48] [49] and more recently Belinha and co-workers [17] presented a new bone tissue remodelling algorithm 
relying on the meshless method accuracy. First, the remodeling approach proposed by Belinha [17] was extended to 
the micro-scale analysis of the phenomenon [50] and afterwards, to the macro-scale analysis of the complete bone 
structures, such as the calcaneus bone [51], the femur bone [51], the mandible bone [52] and the maxillary bone [53].  
2. Remodelling Algorithm 
In this section, it is presented the iterative remodelling algorithm developed by the authors. The schematic 
representation of the algorithm is presented in Fig. 1 and described with detail in the following paragraphs. 
In this work, the bone tissue is assumed as an orthotropic material. Therefore, in order to determine the material 
orientation, first a preliminary elasto-static analysis of the problem is performed. This is considered the step “zero”, 
0j  , since it is performed before actually starting the remodelling iterative loop. 
Thus, first, using the available medical images, the problem domain is discretized with an unstructured nodal mesh. 
Then, a background integration mesh is constructed. In the case of the NNRPIM formulation, this background 
integration mesh is completely dependent on the nodal discretization [17]. Next, it is necessary to allocate the initial 
material properties to the respective domain areas. In this preliminary trial elasto-static analysis, the material properties 
are considered isotropic. Then, the shape functions for each integration point Ix  are constructed, ( )IM x , following 
the procedure described in the literature [17]. Afterwards, the local stiffness matrix for each integration point Ix  can 
be defined:  
T T
I
I I I I I I I I Id w:  :³K = B c B B c B    (1) 
were I:  is the physical volume occupied by the integration point Ix  and Iw  is the numeric representation of that 
volume I: , i.e. the integration weight of the integration point Ix . The deformation matrix IB  and the anisotropic 
constitutive material matrix Ic  are defined for each the integration point Ix  as described in [17]. Within the NNRPIM 
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the local stiffness matrices IK  are determined for each integration point and then assembled into global stiffness 
matrix K . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1 - Bone tissue remodelling algorithm. 
The NNRPIM formulation uses the Galerkin weak form, which permits to obtain the following equation system: 
=Ku f , being the unknown displacement field defined as u  and the external forces vector represented by f . After 
defining the displacement field, it is possible to obtain the strain field: ( ) ( )I I x Lu xH  and then, from the Hooke law, 
the stress field is obtained: ( ) ( )I I I x c xV H . Then, the stress field and the strain field are used to determine the strain 
energy density (SED) field for an interest point Ix , 
1
I I I2
( ) ( ) ( )
I
T
IU d: :³ V Hx x x    (2) 
The principal stresses ( )I iV x  for the interest point Ix  are obtained from the Cauchy stress tensor ( )I/ x  using the 
expression,  
( ) ( ) 1 0
det ( ) 0
( ) ( ) 0 1
xx I xy I
I i
xy I yy I
V V VV V  
§ ª º ·ª º¨ ¸« » « »¬ ¼© ¬ ¼ ¹
x x
x
x x
  (3) 
Additionally, the principal directions T( ) ( ) ( ){ , }I x Ii i iy In n x x xn  are obtained with,  
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  (4) 
Therefore, knowing the principal direction for each integration point I :x , the material constitutive matrix of 
Ix  can be aligned with the principal direction 1( )In x  of the respective maximum principal stress 1( )IV x . 
Only now the iterative remodelling algorithm can be truly initiated. This remodeling algorithm permits to consider 
simultaneously numerous load cases, kjf . Thus, first it is necessary to determine separately the displacement field, 
1=k kj j j

u K f , from each load case k  and then obtain the corresponding strain field kjH  and stress field kjV . The 
principal stresses, ( )kjnV , and directions, kjn , are determined from the stress field kjV , which can be additionally used 
combined with the strain field kjH  to determine the SED field  kjU . In the end, the variable fields obtained for each 
load case are weighted using the expression,  
( )
( )
11
{ , , , ( ) , , }
{ , , , ( ) , , }
k k k k k k kl
j j j j j j
j j j j j j sl
sk
m
m  ¦
 ¦ u n n Uu n n U H V VH V V   (5) 
As the expression indicates, the final weighted variable field of step j  is obtained with the superposition of the 
number of relevant discrete load cases, l , weighted according to the corresponding number of load cycles, m . Then, 
the algorithm selects the integration points with lower weighted SED, kjU , and updates its apparent density using the 
following expression,  
 4 8 7 3 9 9 21 1 1 1 1 1 1
1 1
235.3
8.14 10 ( ) 0.439 ( ) Re 1.54 10 4.47 10 2.44 10 2.31 10 3.35 10
( )
f f
f
U  u V    V   u  u V  u  u V  u V
V
  (6) 
The origin of this expression can be found in the book of Belinha [17]. After the determination of the new apparent 
density of all selected interest points is completed, the process moves forward to the next iteration step. Thus, in the 
next iteration, using the new apparent density values, the material properties are updated in each interest point using 
the following phenomenological curves [17],  
 
 
 
2 3
3
2 3 3
3 2 3
0.7216 0.8059 , if 1.3 /
10
177.00 386.10 279.80 68.36 , if 1.3 /
10 2.004 0.144
app app app
axial
app app app app
trans app app
g cm
E
g cm
E
 U  U U d
 u
  U  U  U U !
 u U  U
­°®°¯   (7) 
The constitutive elasticity matrix, which is established for each interest point, is rotated considering the principal 
directions obtained in the previous iteration step. This procedure assures that the material properties are iteratively 
aligned with the updated load path. 
The bone tissue remodelling process ends if the medium apparent density of the model, modelappU , reaches a controlled 
value, controlappU , which is a control value determined by the user based on clinical observation, or if two consecutive 
iteration steps present the same medium apparent density, / 0t'U '  . 
3. Numeric Example 
In this section, the unit square two-dimensional patch indicated in Fig. 2(a) is analyzed. This benchmark example 
[54] [55] [56] is used to show the efficiency of the bone trabecular remodelling algorithm here presented. Two types 
of meshes were used: a regular mesh (RM), Fig. 2(b), and an irregular mesh (IM), Fig. 2(c). As Fig. 2(a) shows, the 
two-dimensional patch is subjected to a linearly decreasing compressive stress distribution. The node displacement is 
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constrained for 0y  , only in the y  direction, and in the origin is constrained in both x  and y  directions. The 
natural and essential boundary conditions are presented in Fig. 2(a). Additionally, a uniform initial density distribution 
22.1 /maxapp g cmU   is assumed, with a Poisson ration = 0.3X . The results obtained with the NNRPIM approach are 
presented in Fig. 2(f) (regular mesh analysis) and Fig. 2(f) (irregular mesh analysis).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) (b) (c) 
    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(d) (e) (f) (g) 
Fig. 2 – (a) Plate model geometry and essential and natural boundary conditions. (b) Regular nodal mesh (1681 nodes). (c) Irregular nodal mesh 
(1952 nodes). Evolution of the trabecular architecture in the square bone patch. (d) FEM analysis [55] (e) FEM analysis [56]. (f) Meshless 
analysis using the regular mesh. (g) Meshless analysis using the irregular mesh.  
Additionally, in Fig. 2(d) and (e) are presented the results obtained with the FEM. It is visible that the NNRPIM 
solution is similar with the FEM solutions. However, when compared with the FEM solutions, the meshless solution 
resembles much more the organic structure of two bone trabeculae.  
4. Conclusions 
Mehsless methods are flexible and accurate discretization techniques, capable to use directly medical images in 
order to discretize the problem domain. The smoothness and accuracy of the stress/strain fields obtained with meshless 
methods lead to precise SED fields, which is an asset for the bone tissue remodelling algorithm proposed here. 
The developed remodelling algorithm combined with the NNRPIM accuracy permits to predict correctly the 
secondary trabecular structures, which are very important in the stability of the principal structures. The accuracy of 
the obtained remodelling results can help to select the best clinical solution (implant or restoration). The developed 
work and the obtained results permit to conclude that the NNRPIM, being an accurate and flexible meshless method, 
has the potential to progress on the immediate future in several biomechanics fields. 
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